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Praha 8, Czechoslovakia

Received 15 June 1978

Abstract. Clebsch—Gordan products are given for representative double point groups. With
the use of a previously described algorithm, the extended integrity bases of irreducible
matrix groups defined by representations of double point groups are derived. The bases can
be used as a starting point for the calculation of extended integrity bases of double point
groups in any set of variables.

1. Introduction

This work is a continuation of two previous papers (Kopsky 1979a, b, hereafter referred
to as I and II). In paper I we defined the concept of extended integrity bases (EiBs) for
finite groups. Further we proved that such bases are finite in a finite set of variables (the
extended Noether’s theorem); the proof was based on an algorithm which uses
successive Clebsch—Gordan reductions with elimination of reducible covariants and
which is also suitable for the actual calculation of E1Bs. In II we showed from a practical
approach that the EiBs of a given group in various sets of variables are composed from
EIBs of irreducible matrix groups defined by reps (irreducible representations) of this
group; such bases were given for all matrix groups (up to equivalence) defined by reps of
crystal point groups.

In this paper we shall extend the results to the crystallographic double point groups.
Let us recall the steps we have to follow: (i) firstly, we choose certain matrix reps of the
groups in question, with which we shall associate all procedures; (ii) secondly, we find
the Clebsch—Gordan products which give a prescription for multiplication of bases (of
covariants); (iii) thirdly, we apply the algorithm to derive the EiBs. Since factor groups
G'/CY" are isomorphic to point groups G for which the E1Bs have already been given,
it will be sufficient to work only on those reps of G which are not engendered by reps
of G (double-valued or projective reps of G). The EiBs of G will be used to simplify the
work in G'®. Except for the four-dimensional rep of the group O'®, which generates 19
invariants and 272 covariants and shall therefore be omitted for space reasons, we shall
give the EIBs for all irreducible matrix groups defined by reps of crystal double point
groups.

Another approach to the calculation of EIBs has been recently reported by Patera et
al (1978). This and our approach have already been confronted in paper I, to which we
refer for details; it is based on the use of generalised Molien series (McLellan 1974)
which give a qualitative description of the structure of EIBs, namely, the numbers and
degrees of irreducible invariants and covariants and the division of invariants into the
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denominator (free) and numerator (transient) invariants. The EIBs themselves are
calculated simply by inspection. We have, in preparation of the present paper, used
Molien series to determine the structure of EiBs for cubic groups. These data are not
given here, because they may be found in a work by Desmier and Sharp (1979)%, who
also calculate the E1Bs for double point groups, including the non-crystallographic ones.
Our choice of matrix ireps and of EIBs differs from that of Desmier and Sharp (1979) in
several cases, and in addition we give the tables of Clebsch-Gordan products from
which the calculations can be followed. For the sake of brevity we do not repeat here
the bibliography on the subject of EiBs, the most important part of which, we believe, is
given by Patera ef al (1978) and in papers-I and I1.

2. Double point groups and their representations

2.1. Even and odd representations

The relation between ordinary (crystal) proper rotation groups and corresponding
double point groups is given by the homomorphism ¢: SU(2) > SO(3) of the two-
dimensional unitary group SU(2) onto the proper rotation group SO(3) for which SU(2)
is the representative (covering) group (see e.g. Janssen 1973). Accordingly, to each
subgroup G < SO(3) there corresponds a subgroup G = SU(2) so that G'¥ = G; G is
here the proper rotation group, G'¢ its double group. The kernel of the homomor-
phism ¢ is the trivial double point group CY{" =ker ¢, and the ordinary point group G
can be considered as the factor group G'¢/ C{. The classes of conjugate elements of
G and hence the numbers of reps of G'®’ are related to those of G by the Opechowski
rules (Opechowski 1940); the reps are well known (see e.g. Bradley and Cracknell
1972).

The reps of G'¥ can be divided into two sets: (i) reps engendered by reps of G—the
ordinary or single-valued reps of G, which correspond to states with integer spin
(momentum) in quantum mechanics; (ii) the remaining reps of G®—the double-valued
reps of G, which correspond to states with half-odd-integer spin. The latter are in fact
the projective reps of G; for cyclic groups and for the complete group D; they can be
transformed by a gauge transformation into the ordinary reps of G. The Schur
multiplicator of groups D,, D3, D¢, T and O is C; (or, in this case, rather C), and hence
the corresponding double point groups are representative groups, the double-valued
reps being projective reps non-similar to the ordinary ones. It should be noted,
however, that the double point groups do not exhaust all representative groups (Boyle
and Green 1978).

We shall simply call the reps (i) even and the reps (ii) odd, referring to their property
that powers and products of even reps are again even, while even powers and products
of odd reps are even reps, and odd powers and products of odd reps are odd reps. Since
polynomial algebras generated by even reps were considered in I, it is sufficient now to
consider only the polynomials in variables belonging to odd reps.

2.2. Representative double point groups and choice of reps

As was said in the Introduction, we shall consider only the EiBs of irreducible matrix

T We received by courtesy of the authors, a preprint of this paper shortly before submission of the present
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groups defined by reps of double point groups. All such matrix groups defined by odd
reps are defined by odd reps of double point groups corresponding to proper rotation
groups. Indeed, the non-centrosymmetrical double point groups are isomorphic to
these; the centrosymmetrical double point groups provide new odd reps but no new
matrix groups. This can be easily checked as a consequence of the fact that each odd rep
contains a negative unit matrix. Of the remaining 11 double point groups we shall
further eliminate the cyclic groups. The C{”, C5” and C§” are isomorphic to C, C4 and
Ce respectively, and for these groups we have already given more exhaustive informa-
tion in the form of the typical EIBs (Kopsky 1975). To transpose the resuits to the
double point groups, it is sufficient only to interpret the variables properly. Though the
groups Cg and C;5, which are isomorphic to C®and C¥ respectively, are not included
in this work, the procedure of finding the typical integrity bases for them is simple, and
bases for cyclic groups have been given by Patera et al (1978). We shall therefore
consider only the groups DY, DY, DY, DY, T and 0.

As before we shall use the following convention in defining the reps and the
variables. The matrix rep o (G): g > D (g) defines operation of the group G on a
certain typical x,(G)-module L, with basis {e,;} by ge.; = Df-i’) (g)e.;, while the adjoint
basis {x.;} of an adjoint x¥(G)-module L, transforms by adjoint (transposed and
reciprocal; in our case conjugate complex because we use unitary reps) matrices:
gXai =l§§,")(g)xa,. We shall continue to use the even reps defined in the work on
Clebsch-Gordan products for ordinary point groups (Kopsky 1976) as well as the same
variables. In defining the odd reps we follow mainly the choice of matrices by Bradley
and Cracknell (1972). One of these reps for the groups considered is the half-spin rep
defined by matrices

i 2 1 i(—~ 2 .1
i(a+v)/ COSEB el( a+y}/ SII’IEB)

DV*(g)= j:(_ei(a—'y)/Z sinlg e etV oosig
where g € SO(3) and «, B, v are its Euler angles as defined by Bradley and Cracknell
(1972). The other two-dimensional reps are defined as products of this rep with suitable
one-dimensional even reps. The four-dimensional rep of O'“ is chosen on the grounds
of compatibility with reps of T'. To distinguish clearly the variables to odd reps we use
for them the letters ¢ and ¢ with appropriate numerical labels.

3. Presentation of results

All specifications and results of calculations are, for convenience, collected in the
Appendix. There we specify first for each group its odd reps by giving matrices of group
generators. The even reps and corresponding typical variables have already been
specified (Kopsky 1976). To avoid defining relations of groups we represent the
generators by specifically oriented proper rotations.

Further, we give the tables of Clebsch-Gordan products in the way we have used
before; i.e. the leading row of the table lists the reps and the notation for the variables;
the bilinear covariants are listed in columns below the corresponding reps; the trivial
products with invariant x, are omitted. Inspection is sufficient for the determination of
the Clebsch~Gordan products in most cases. The treatment of more complicated cases
as they appear in cubic groups will be illustrated in §4.1. We also give only the
even—-odd and odd-odd products, because the even—even products have already been
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given (Kopsky 1976); this completes the tables of Clebsch-Gordan products for double
point groups.

Finally we give the E1Bs for matrix groups defined by odd reps; those for even reps
were given in IT and by Patera ez a/ (1978). The same algorithm has been used as in II;
since its mechanical application leads to unnecessarily complicated covariants in cubic
groups we have used our knowledge of the EiBs for even reps (see § 4.2). A spectacular
presentation of EiBs in the form of tables analogous to those used in 11 is avoided here,
because such tables will, in the case of odd reps, be extremely complicated. Instead we
give the irreducible covariants in a successive list, using notation similar to that
employed by Patera er al (1978). The denominator invariants are denoted by I,
numerator invariants by E, covariants to one-dimensional reps by E'*'—these are the
so-called relative invariants (Burnside 1955)—and many-dimensional covariants by
p‘*. The first number in parentheses is the label of variables in which the polynomials
are considered, the second is the degree. The label of variables is dropped in the actual
expression of the covariant; the many-dimensional covariants are written as row
vectors. Within the same group we often shorten the list by comparing a covariant with
a previously given one; the equations refer, of course, only to the functional form of
these covariants. A conjugate complex p‘“’* means p*® with conjugate complex
coeflicients, not variables. To distinguish the denominator and numerator invariants
we have to check whether the invariants obtained are algebraically independent or not.
In the latter case, the corresponding syzygy is given.

4. Illustration of calculations

4.1. Clebsch—Gordan products for cubic groups

A suitable simplification of the calculation is provided by partially classifying the
transformation properties of typical variables with respect to one suitable generator. In
group T'Y, for example, we use the generator 2, with eigenvalues 1, —1, —i, i and
eigenfunctions as shown in the table.

2, eigenvalues 2, eigenfunctions
1 X1, X2, X3, Z4

-1 X4, Ya

! Us, s, Y7
1 s, ds, O7

It is now easy to classify any product of variables with respect to 2,. It follows
immediately, for example, that x.(¢7, ¥7) or x3(ds, ) are ['s’-covariants. Let us
further consider the product of (x4, ys, z4) with (s, ¥s). From the characters one finds
easily that Iy ®I's =Ts@«@TI;. From the table above we see at once that x4is, y4t's

and z4¢s combine into ¢s, ¢ or ¢7, while x4és, y4@s and z4s combine into s, s or
7. Now we form linear combinations:

D =axays+byshs+czads

and

V=a'xsds+b'ysps+c'zais,
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with indeterminate coeflicients. To get (@, ¥) = (&5, ¢¥s) we determine the coefficients
from
30 =3(1-i)(P-V), 3 =31 +i)(P+W).

Analogously we get (®, ¥) = (¢, ¥e) Or (¢7, ¢7) adding factors —w or w? respectively
into the latter equations.

The table of Clebsch—-Gordan products must be self-consistent with respect to
mutual substitutions of covariants. This provides many simplifications in its con-
struction as well as a final check. By self-consistence of the table we mean the following.
As concerns transformation properties, it is irrelevant whether we consider linear or
bilinear covariants, so that we can treat, for example, x,(¢s, ¥s) as (¢ds, ¥s). Then, if we
take, say, the invariant ¢si¢s—¢s¢s and multiply it by x,, we certainly get the
I',-covariant, which in view of what has been said above can be written as ¢sis — ¥sds.
Analogous relations hold also in more complicated cases.

4.2. Extended integrity bases of cubic groups

A mechanical application of the algorithm leads, for cubic groups, to rather complicated
covariants. It is, however, easy to see that the whole algebra of even-degree poly-
nomials, say in (s, ¢s) in group T, must be generated by the least even-degree
covariant, which is of the form (¢* — ¢, -i(¢152 + (//2), 2¢¢). Thisis also, more generally,
the D'V-vector of SO(3) in components of the D"/?-spinor of SU(2). This quadratic
covariant is identified with the I'y"-covariant (x4, y4, z4) in T”. The 1B of I'{" has been
given in II; there the components x4, y4, z4 were independent variables, while now they
are related by x3+yi+2z3=0. It is easy to see that we can get the irreducible
even-degree covariants in (¢s, ¥s) by substituting the second-degree covariant into the
elements of the integrity basis in (x4, y4, z4). Due to the relation between these
components, some terms in the EIB may vanish, but no new terms will appear, since if
they are irreducible in (¢s, ¢s) they will be irreducible also in (x4, ys, z4). The
determination of the even-degree irreducible covariants is thus very simple. From them
we can then construct the odd-degree covariants with the use of Clebsch-Gordan
products. Analogously we can proceed with other variables.

One-dimensional covariants connect the many-dimensional ones and enable us to
find useful relations which are given in the Appendix in the relevant places. Thus, for
example, x,(¢e, ¥s) in O? is the (@7, ¥7) covariant. Since x3" ~x; and x3"*! = x,, the
even-degree covariants in (¢s, ¥s) and (¢, ¥;) must coincide, while odd-degree
covariants have different labels 6 or 7.
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Appendix. Clebsch-Gordan products and extended integrity bases of polynomial
algebras generated by odd reps of double point groups D5°, D$”, DS, D&, T and
o,

Abbreviations: w =a+ib =exp(27i/6), a=1/2, b= \/5/2; 0 =exp(27i/8) =
(1+1)/V2; e =exp(2i/12) = b +ia.
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Group D(zd)—2,2y2(,d)——quatemian group
0 0 i
Generators: D'(2,) = (] ,), D(SU(Zx)=(- l)-
0 —i i, 0

Clebsch~Gordan products

E%) T(x2) T3(x3) Ta(x4) (e, ¥s)

Gss— Ysds Dss+ Ysds #5-ud di+ys Xa(¢s, —ds)
x3(s, bs)
x4(¢s, —ds)

Extended integrity basis

rep (s, ws):
Fi(x1): L(S,8) =4 L,(5,8)=¢" +4*, E(5,6) = pu(d* - v*).
Syzygy: E’= Ialg ——412.

[a(x2): E?(S,2)= ¢y, EP(5,4)=¢*~y*.
Ts(x3): E®(5,2) = > —¢2, EP(5, 4)= oy(d* + ¢).
Ca(xa): E®(5,2) = ¢+ 4% EW(S, 4) = ¢u(a> - 4.

TP(ds, ws): pP(5, 1) = (b, ¥), po(5,3) = (>, —¢°), p5(5,3) = (874, =), (5, 5) = (¢°, ¥°),
25,5 = (dy', &%y,

Group ng)—Bz 29)

0 .
Generators: D (3,) = (w 2), DP(2,) = (O l);
0 -w i 0

Xxs5(3;)=xs(3.)=-1, xs(2,) =1, Xo(2:)=—l.

Clebsch-Gordan products

Ti(x1) T2(x2) I'$(&, ns) Ty (s, wa) Ts(¢s) Te(ds)

bsds b3 &% (03, —v3) Xolba —Ws)  x20h6 X205

Baths— acdy batpat Yads bs(Wa, —dbs) (&34, N3dba) £3da+ s 34— M3t
Geltha, da)

Extended integrity bases

reps I's(ds) and [g(e): as for cyclic group C,.
rep [ (s, va):

Ti(x1): Lo(4,4) = @°0°, 114, 6) = ° ~¢®, E(5, 8) = (" + ).
Syzygy: E*= LI +4It,

[a(x2): E?(4,2) = ¢y, EP(4,6) = 35+ ¢S
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(&, n3): pV4,2) = (87, —¢7), 2 (4, 4) = (@°w, 0°), Py (4, 4) = (y*, 8%), p2(4,6) = (60, -0 ).
T s wa): 094, 1) = (&, ¥), pV(4,3) = (70, —d0"), p V14, 5)= (4", ¢°), p 4, D)= (&, -¥).
Ts(¢s): E®4,3)= ¢’ -y, E¥4,5) = dp(¢’ +¢).

Te(de): E¥4,3)= ¢ +y¢°, E®4,35) = du(6’ - ¢7).

Group Df‘d)—4z 2,2 idy)

g 0 0 i
Generators: Dg”(4,)=<0 6*)’ Dg”(2,)=(i (l)>,

) (8 0) R _(0 i)
pPwa=(y L) pfea=(; )

CG products are given on page 970.

Extended integrity bases

reps T (b, Ws) and TS (1, ¢a):
p'¥6,k)=p"(7, k) for a =1-5, p'®(6, k)= p' (7, k), p©(7, k) =p'"'(6, k).

Ti0xy): 1o(6, 4) = d247%, 1,(6, 8) = ¢° + 4%, E(6, 10) = dy(¢®~ ¢).
Syzygy: E> = IoI} - 41,

Ta(x2): E®(6,2) = ¢y, E?(6,8)= 0"~ y¢°.

T3(x3): ED(6,4)=*+y*, E(6,6)= du(o* - v*).

Ta(xa): E(6,8)= 6" —y*, E®(6,6)= du(o* +u").

565, 15): 296, 2) = (67, —4®), p¥(6,4) = (6w, 60°), (6, 6) = (¥°, —8°), p'(6,8) = (¢, 3" ¥).
L6 (b6, we): p'¥(6,1) = (&, 0), p(6,3) = (&%, —d¥?), p'¥6, )= (0", =0), p'°(6,9) = (¢°, ¥°).
T5(87,42): 076, 3) = (°, ~8%), p’(6,5) = (8%, ¥°), P (6, 5) = (d0*, 6*¢), p7(6,7) = (6°w, —dU").

Group D ﬁ,d)—éz 2, Z‘Yd)

0 - 0 -i 0
Generators: D%"(62)=<S e*), Dg”(6z)=(; _€*>, D‘g”(sz)=(' )

0 i
DY) =Dy =D 2= (] ).
1
CG products are given on page 970.

Extended integrity bases

reps I'5" (¢, ¥7) and T§ (s, ¥s):

p (7, k) =p' (8, k) for a =1-6, p (7, k)= p®(8, k), p(8, k) = p®(7, k),
(P (7, k), pS (7, K)1=[p$ (8, k), pS (8, k).

Ti(x1): Io(7,2) = ¢%0%, 1,(7,12) = ¢ 2+ ¢'%, E(7,14) = dyp('2 = y'2).
Syzygy: EX= Iol3 —41].
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Ta(x2): E?(1,2) = ¢y, E®(7,12)=¢'* - ¢'2.

T3(x3): E®(7,6) = ¢°—u°, E¥(7,8) = d(6° + ¢°).

Ta(xs): E®(7,6)=¢°+¢° E¥(7,8) = ¢u(6° - ¢°).

T(Es, 1s): (7, 4) = (4%, 6%, p(7,6) = (6, —8°0), p°'(7,8) = (6°, ¥*), p©(7,10) = (6°y, —¢¥”).

TEe, m6): p 97, 2) = (82, =42, p©(7,8) = (67w, #0°), p (7, 10)= (¢*°, -9 ),
p®(7,12)=(¢w", ' ¥).

T 4): 077, 1) = (o, ¥), 77, 3) = (@0, —dw?), P77, 1) = ('}, -, p7(7,13) = (7%, ¢").
TP (s, ¥s): p&(7,5)=(W°, ¢, pP (7, 1) =(@0°% —0%¢), p¥ (1, 1) = (8", —¢7), p®(7,9) = (¢°¢, 94°).

T, wo): p2(7,3) = (2, -0, p(7,5)=(¢¢*, 3*¥), (7, 9)=(¢°, ¥°),
P97, 11) = (6", —0u").

rep Fg”(qbg, o) generates the same extended integrity basis as rep TP (s, ¥s) of DS,

Group T9-23®

1+ 1 -i i 0
Generators: D(5”(3) l(_ l), D(sn(Z,)=(l .);

1 - 0 -i
< 3 ovea() )
=m0 ), < bl

CG products are given on page 971.

Extended integrity bases

rep I (¢, ¥s):

Ty(x0): Io(5, 6) = dwr(* = u*), [1(5, 8) = 6° + Y+ 14°y*, E(5,12) = (¢* + y*) (@ + y® - 340%¢*).
Syzygy: E*= I3 - 1081¢.

Ta(xy): ED(5,4)= 6%+ y* —4ibo2¢? ED(5,8)= 6%+ y* — 108*y* +8ibo (¢ + ¢*).

T3(x3): E® = E®*,

T (x4, ya, 20): p (5, 2) =[0% - ¢7, —i(d*+ 4 ) 200, p (5, 4) = [26u(d” + ¥7), 2idu(d* - ),
¢*—u'), pV(5,6) =& - v, i(¢7 + ¥, 86707, piV (5, 6) =[(&> + ¢ )(d* - ), 4id Y (37 +yD),
“2¢0(0* - 4], (S5, 8) =[20u(d> + ¢*), —8id u (>~ ¢?), ~(¢* - v )(@* - ¢H?),
PU(5,10)={(¢* —u* N+ 47, —16i0* ¥ (&% +v?), 260(d* - ¥>)*).

TV (s, ws): 05, 1) =(¢, ¥), pP5,5)=(8°—50u*, ¥° —5¢°0), pO5, D= +78%¢> ~¢"-18%¢%),
PG, 1) = (¢ —226% 0 - 116%0°, ~¢'1 +2267¢ +116%¢5).
T (s, we): p'(5, 3) = (¥ - 2ibe %y, —¢° +2ibgy?), p©(5, 5) = (¢° —4ibe v + Bu*,
W' - 4ibg * + 0%0), pO5, T) = (¢7 +6ibd 20" —56°¢° +2ibe Y, —¢” —6ibd Y +58° Yt —2ibdu®),
(5,9 = (0" +2ibe ¥* = T0>y* + 14ibd > wC —200°, ¥°+2ibd 2y + 7% % + 14ibeSy> - 265y).
P&, ¥7): p7(5, k) = (5, k).
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reps T8 (¢6, ¥o) and T5 (7, ¥o):

p(6, 3k) = p'®(7, 3k) = p(5, 3k) for any a; p)(6, 3k +1)=p®(5,3k + 1),
p'(7, 3k +2) = p®(5, 3k +2), where T, =T;Tg; p'*(6,3k +2)=p""(5,3k +2),
(7, 3k +1)=p™M(8, 3k +1), where I', =TT,

Ty(xy): 16, 4) = ¢° + ¢ +dibg 22 = EP(S5, 4), I(7,4) = [*(6,4) = EP(5, 4),
1(6,6)=1(7,6)=1(5,6)= ¢y (¢* - y*).

T2(xz) and Ts(x3): EP(6,4) = ¢* + ¢ - 4ibg*y* = EZ(5,4), E¥(7,4)= EP(5, 9),
E(Z)(6, 8)=¢8+w8— 10¢4w4—8ib¢2dz2(¢4+w4)=E(3)(5, 8), E(s)(7’ 8)=E(2)(5, 8),
E®6,8)=¢®+y°—14¢°y*=E®(7,8)=1I(5, 8).

T(xs, ya, 24): 26, 2) = [~w(d? = ¢, —i(¢* + ), 20°0¥], [w (6% -y, —i(@*+ P, —2whyl=
p(7,2), p(6,4)=[20" w ¢’ +w> 2igu(d> - v, - ¢> -y*),
Rwdi(d?+ ), —2i¢w(d’ - ¢?), —w?(@* - yH]=p(7,4), pi(6,6)=p"(7,6)=pi"(5, 6),
or pi’(6,6)= “‘)(7, 6)=ps"(5,6).

F(S )(d’S, k[/s)l P(S)(é, 5) =P(6)(5: $), p(S)(6, 7) =p(7)(5’ 7), p(S)(7, 5) = P”)(S, 3), P(S)(7. 7) = p(é)(s’ 7)

Mg we) and T (@, ¥): p6, 1) =p (7, 1) =p®(5, 1) = (&, ¥), p©(6,3)=p (7, 3)=p®(5,3),
(7)(6 3) p(7)(7 3)_,_ (7)(5 3 (6)(7 5) p(7)(6 5 (5)(5 5)

Group 0'9-432@

*
Generators: Dé”(4z)=<0 0 >, D<5”(3)=—1;< 6 @ );
0 6* Ja\-8 @*

D(71)(4z)=(—0 0), D' (3)= J2< 5 e*)

0 -¢* 6 o*
00 60 L 0 6
0
(1) 0 0 0 o* ) /a4y _ @ (—9 9*)
4.) Dg’(3) *
g 0 0 0O 0 ( 6 6 )
0 6% 0 0 “\-g o
Clebsch-Gordan products
Ty(xy) Ta(x3) F(s‘)(fz, n3)
Pebs—Ysde b6~ Ysdr (babs— dsdbg, ¢8‘{8_'¢/’8¢_8)
b7 — a7 (bstis — Ysbs, Pos— Wsds)

Bz — Yeds + dais — Yatds Ssiis— Wsdy— das + Yads (d7¢a— Yrbg, Yrds— D7)

I‘f,'”(n, Yas 24)

(Sst7— Ysths, —i(Ped7+ Wer), dethr+ Usds)

[(d6bs— Wss) + w(Bebs — Uos), iw(Psds+ Wsiis) +i(Beds + Weis), w (Psts+ Ysbs) — w (dsiis + YePs)]
[($7005~ W70s) — w(Pr05— Y1), iw(drdbs + Yrs) —i(Br6s + Uy ds), w (D74hs+ Yrde) + w0 (d7s + Yrrhs)]
(psds— bsds — Yalis + Usts, —i(dsds— Psds+ Usiis— Wiais), dstis+Ysds — Jsds— Pss)

(6%~ vd) - (B3~ 3), ~iw (B3 +Ud)+i(BF + U3, ~w(Bsts+ Usts) + w(badis+ disds)]
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F(sl)(xsy Yss 25)

(0~ vt —i(de+u3), dsis+ sds]

(63— u3, —i(d3+U3), drtby + Y]

[(Pebs — Uets) —w (dsPs — Wshs), i (dsds+ bsis) ~ i(PsPs+ Yelis), " (detis + Ysts) + w0 (delia+ Ysds)]
[(Br0s— Yths) + w(drds — Yilig), iw (D7 + Yrtie) + (D75 + dria), @ (Brihs+ Yrbs) — w (d7ibs + hrbs)]
[pads+ Bads— Wads — Ugs, —i(dads+ Padbs+ Yais + Wals), Galis + Ysds+ Paiis+ Pads)

[P3—ud) +w (B5—U3), —iw*(dd+¥d) —i(E5+ U3), —w(dgds+ Usds)— w(Pedis+ Yads)]

T (b6, W) I'(é, W)
x2(7, ) x2(ds, Ys)
(n3dg + E3ds; N3+ Es) (n3s— E3dbs, Nads— Esds)
[(xs+iysigs— zsdbs, (x5~ 1ys)de+ zs¥s) [(xa+iya)e— 2adbs, (x4 —iys)de+ zaths)
[(xa+iya)ps— 2407, (xa—iya)ds+ z4t7] ((xs+iys)pr— 257, (x5—1ys)d7 + zs¥7]
[wxs—iw’ys)gs— (@ xs—iwys)s + 2s(ds + ), [wxs—iw’ya)ds = (wxs—iwys)ds + 24(ds+ d;s);
(wxs+io’ys)bs—(w’xs+iwys)Ps—zs(Us+ds)]  (wxatin’ys)ds— (0 xs+iwy.)ds—z4(us+ ds)]
[wxs—iw’ya)¥s+(w xs~iwys)ds + 24(ds — Bs), [(wxs—iw’ys)Ps+ (@ xs—iwys)ds+25(ds— Ps),
(@xa+iw’ys)ds +(w’ s +iwys)ds (wxs +iw’ys)ds+ (w xs +iwys)ds
— z4(drg— ¥s)] —z5(Y3— )]

T§ (s, vs; ds, ds)

x2(ds, ¥s; —dg, ~ig)

(€36, £3065 M3s, M3t6)

(£307, 375 —Mad2, —nady)

(n3ds, 130s; £3dbs, £308)

(x5 —iwys)Pe = zsde, (@ xs+iwys)de+ zste; —(wxs— iw?ys)¥e— 25d6, —(WXs+iw’ys)ds+ zste)
[@’xs—iwy s — 257, (@ Xa+i0Ya)dr + 2adr; —(wXs—iw Yy — 24d7, —(wxg+iw’y)dr+ 248
[(w’xs—iwys)ds — 257, (@ xs +iwys)ds + 25us; (wxs ~iw?ys)s + 25¢7, (wxs+iw’ys)ds— zs5¢7]
[(w’xs~iwysWs — 24de, (wixs+ iwys)de + Zale; (X4 —iw yo)the + 2adbs, (wxs+ 10?ya) e — 24s)
[(xs+iys)s = zsds, (xs—iys)ds+ zs¥s; (xs+iys)is— 25, (xs~iys)Ps+ z5ds]

(x4 +iys)s— z4ds, (xa—iys)ds+ zatha; —(x4+iya)ds+ zadbs, —(Xa—iys)ds— z4dis)
[(wxs—iw’ys)ds+ zsds, (xs+iw’ys)ds—zsds; (—w xs +iwys s+ 25ds, (0 xs—iwys)ds— z5Us)
Uwxs—iw’ya)ds+ zads, (wxs+ie’y)ds—240s; (@ xs —iwys)ds— zads, (@ xa+iwys)ds+ zatss]

Extended integrity bases

reps TS (@6, ws) and T (¢, ¢o):

p6,k)=p (7, k) for a =1-5, p'(6, k) =p™(7, k), p (6, k)= p'O(7, k), [P (6, k), p® (6, k);
p$ 6, k), pS (6, K)1=[pS (7, k), pP (7. k), =pP (7, k), -pP (7, K)].

T1(01): 1o(6, 8) = & + 4" +146°¢*, 11(6,12) = 674 (¢* —u*)’, E(6, 18) = ¢y(d° — 4™\ (0" + u* - 34¢*y*).
Syzygy: E*=I,13—10813.
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Ta(x2): EX6, 6) = ou(d* - u*), E®(6,12) = (0% +¢*)(o°+y° - 340%¢*).

R (xa, y2): p2(6,4) = (36707, b(8* +u)], p(6,8) =[6"+y" ~13¢%y*, 8687u (" +u")], p'6, 10)
=E®(6,6)[b(6*+y*), —36*07], p(6,14) = EV(6, 6)[8b8 "y (¢ + y*), —¢" - u®+134"¢").

P(xa, ya, 24): ,,w((, 4)=[26u(d°+¢7), 2idu(d’ - ¥7), ¢*—u*], P46, 6)=[8°—u*+ 56 Y (d7 - ¥?),
—i{*+ ¢’ 567 (@7 +uD), —asu(s* + ¢, p(6, 8)= EP(6, 6)p°(6,2), p(6,10) =
(-0 +y'" =30 %(6° — ¢ +148*u (87 - ¥7), =i{8'°+ 4" =384 (¢° +¥°) - 146 u (87 + 47,
164> (3% +¢*), p¥6,12)= EP(6, 6)p°'(6, 6), p'¥(6, 14) = EX(6, 6)p°'(6, 8).

T(xs, ys, 25): pP(6,2) =[0* - ¢* ,—1<¢ +¢3), 2¢4], p76, 6)=[(¢2—w2)3, i(¢2+w2)3, 8¢y,
p¥(6,8)=[dule® + s + 770>+ U7}, idw(d® —u®—T¢7w (@7 — ¢, —0°+¢®),
p(S)(6, 10 E(2)(6 6)p(4)(6 4) (&3] 6 12) E(Z)(6 6 {4) 6 6) {5 6 16) E(Z)(6 6)p(4)(6 10)

T6 (b6, we): p©(6, 1) = (8, ¥), p6, )= (¢ +70°¢°, 4" -T8°u*), p©(6,11) = E®(6,6)p 76, 5),
p®(6,17)= E?s, 6)p"’<6, 11).

525, ¥2): p7(6, 5)—<¢ —sw & =6*0), 076, 7) = (6% — 624>, —du®+ YD),
P76, 1) = (' —22¢%¢" - 116%°, -8 ' +22¢"¢* +118°¢®), p7(6, 13)= EP(6, 6)p'96, 7).

T8 (@s, ¥s; B, Ps): (6, 3) = (¥ - 2ibe %y, —>+2ibgy’; —y° - 2iboy, ¢° +2ibdy?), p®(6,5) =
(6°+ du' —4ibg*y?, ¥+ 0% —4ibd?y>; —¢° -yt —4ibd’y?, —y’ - ¢ - 4ibe?y%), p®(6,7) =
W =560 +2ib(8°0+3¢%¢"), —¢7 +5¢ " —2ib(eu° +38°¢7); ¢ - 58*w® —2ib(¢°y +36%¢7),
~o7 +5¢°0* +2ib(¢y® +36°¢7), p®(6,9) = (¢° +2ib¢ ¥* ~ T ¢* + 14ibe >y - 204",
$P+2ibp 2y =Ty + 14ibd%y> - 28%¢; ¢° —2ibd Y2 =T8¢ —14ibd >yt ~ 2645,
w®-2ibg %y’ —70%0° - 14ibg %y’ - 20*y), p®(6, 11)=EP(6,6) - (p2, p$'; -0, —pP)6, 5),

p¥(6,13)=E%(6,6)- (p9, b3 =pS, -pP)6,7), p®(6,15)=E?(6,6) - (pP, pP; ~p P,

-pP)6,9).
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970

(3hoL 8993) (6193 “5poL) (693 “opou)
Awsmw .w\\-m:v Aagnw -Q\EMPV Aaﬁ-m\% >Q$w:v
(L993 ‘Lpol) (392l 9%3) (Fgst “2ps3)
Ah\\.w? .hngv Ahgwp .bﬁ_va Ah$@: .b\}ﬁWv
AQ$| RO\\-vvR Aw\}l .mﬂqu\ Aw\\.| .wsvv»\
Aas .a\\evmk. Ah\\- .\.Svmk Aw\\- .wﬁvm»\
Am§| .stN»\ AwQ-' .wﬁvNR Ah\\-.l .bﬂvnv\
(5 “69) 5.1 (*h 99) 51 (v 1) 51
(M9 5p3)
(5pLo— ‘i) (6959 “opsm) SpSih +Smop 5o —spegp
- 59) (6P “spis) S+ 59 o9 88/ 1 I8 893 35
) (Bpip— spLp) BPLp+ L) SpLp - 3pig LoLh+Lpp Lot~ Lhig
(4 93) 31 (St 53) 51 (1) (e (@2 (L1
sypnpoid uepron-yosqa|d)
®T T 3d dnoi
(9953 “9pst) (c953 *Lpse)
Ahgm: -b\\-va Aogm: .O\N-WWV
(OB~ 9¢)rx (Lh—Lp)x (PP Lhom)
(O P)x (“h L) ) LpLp+ g LpLp—Lpig
(“h— Lpyx (O 99)%x ) Lo+ L Lph — L PO+ 5099 2P — 99
(“h L) 51 P 9P (St 53) 51 (01 (=0<] 2 (I

syonpoxd uepIon-yosqar)

Ax z,
:&NRN ?Ia_uwQ Q:Qsmu
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(42 +9(hm1 + x_m) 99+z (Ao - vx )]
[Sprz - mﬁius_ +YX@) SPPZ 4 SH(YA o1 xm)]
[LhPZ +LP(PA1—PX) ‘LPpPZ —Lp(YAL4 PX)]

[ShPZ +SP(*hm1+ 7x_m) SPrz —Sp(*hen—vx )]
[h72 —LP(*A 1+ PX) ‘LY +L(PA o —x)]
[9%Z + OP(PA1—PX) 9P¥Z —Ip(YA1 4 VX))

Hh\}QN + bsAvkﬁvm + kasv ‘Lp¥z — h\\.Avhﬁu_ — v»\N Sv“_
HO\N.#N — cﬂAkaam + vv&#v .OQQN + e\\.ASANS_ — vw\ﬁuv“—
_Hm\\-vN + MQAV%— — Qk.v »WQVN — w\\-AQ%— + QRVH

AM\} ’nﬁvm»\ Ahs\- »hﬁvmv\ Aw\\- -Ogvmv\
(o )i (5t “S@)ex (4 “Lp)ex
(“h L) 41 Or 9P) 3 (hSP) 5.1
[(OPSh + 915 P)@— “(MSHh +5pSP)— (S —959) 0]
[(CPS +LASP),@ (LhSHh +LPSP)I— ‘(LS — LPSP)m—]
_Hhﬁvbs\. + h*.os .Ah\}c\\. + hﬁwﬂvv—l .N\\-C\\- — hﬁcgu_
[Pt +Li)or— (Lp+LP)— (L —Lp) ]
[P +5199) @ ‘(2 +3P)1— “Qh—39)m-] 999 9P LpLp— piep Lo — Lo
[SSh+5h5P (S +5P)1— ‘S 5] P Lpsp P —psep SPSh—shsp
(72 06 vx) b (=0)E (g ()4

sponpoid uepron-yYoasqald)

@@l dnoin
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